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Abstract 



We consider a model describing A'' non-relativistic particles coupled to a massless quantum scalar 
field, called Nelson model, under a binding condition on the external potential. We prove that this model 
does not admit ground state in the Fock representation of the canonical commutation relations, but it 
fT^ , does in another not unitarily equivalent coherent representation. Remark that the binding condition is 

^ ' satisfied for small values of the coupling constant. 

vn 
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o ■ 

O ■ 1 Introduction 

' When considering a non-relativistic atom coupled to a quantized radiation field, it is natural to require that 

, the model predicts the existence of a ground state. If the field is massive, this usually follows from the fact 

Qh' that the bottom of the spectrum is an isolated point. On the other hand, in the massless case the bottom of 

the spectrum lies in the continuum. 

For the standard model of non-relativistic Quantum Electrodynamics (often called Pauli-Fierz model) with 
A^-body Coulomb interactions, the existence of a ground state in the massless case was first established by 
Bach, Frohlich and Sigal in [3] for sufficiently small values of some parameters in the theory. Subsequently, 
Griesemer, Lieb and Loss proved in [T3j and [Hj that a ground state exists for all values of the parameters 
L J ■ under the following binding condition. Let us call Ep^ the bottom of the spectrum of the A'^-particle Hamil- 

rS \ tonian with external potential V and -Ej^ its translation invariant part (i.e. V is removed). Then the binding 

■ condition is 

En < E%_j^, + En' for all N' < N. (B) 

If the field is neglected i.e. in the framework of usual Schrodinger operators, this condition is equivalent to 
En < En-1 since Eji^ = NEl = 0, and it is satisfied for iV-body Coulomb interactions ii N < Z + 1, where 
Z the charge of the nucleus, as proved long ago by Zhislin in [22]. In [5], Barbaroux, Chen and Vulgater 
showed that (B) is also satisfied for the standard model of non- relativistic QED for N = 2, N < Z + 1. 
Finally, in [T7] Lieb and Loss completed the picture by proving the statement for any N provided N < Z + 1. 

A natural question to ask is whether the infrared behaviour of other (simplified) non-relativistic QED 
models is the same. 

In this paper we consider a model describing N scalar non-relativistic particles (fcrmions) coupled to a scalar 
Bose field. This is usually called the Nelson model. The Hamiltonian for N particles is given by 

i7w = A'Ar®l+]l®dr(w) + A$(w). (1.1) 
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Here is a Schrodinger operator describing the dynamics of the particles, A is a couphng constant, 

dr(w) := j \k\a*{k)a{k)dk, 

and 

where a*{k),a{k) are the usual creation and annihilation operators, p an ultraviolet cutoff function. These 
objects will be described more precisely in the next section. 

The Nelson model belongs to a class of Hamiltonian, often called abstract Pauli-Fierz hamiltonians, 
which includes the so called generalized spin-boson models, and for which the problem of the ground state 
has been studied in recent years (see for instance [2], [3], [l2],[ll] and references therein). In the case of a 
confining external potential, it is known that the Nelson model does not admit a ground state in the Fock 
representation of the canonical commutation relations (OCR) due to, heuristically speaking, too many soft 
photons ([H], [IH])- Nevertheless, it is possible to find another representation of the CCR where the ground 
state exists as done by Aral in [1]. This representation is not unitarily equivalent to the Fock one ([I]). This 
is called infrared catastrophe. The infrared problem also appears in scattering theory. This was first studied 
by Frohlich in , and more recently by Pizzo in [20] and Chen [6] . 
Here we consider iV-body interactions, more precisely we take: 

^ 1 

where V, I satisfy the following: 

i^) n^)-Ef=i^'(x,) /(X)=Ef<,"(x.-x,) «(x),^.(x):M3 

{ii) V = Vsing + Vreg,U = Uging + Ureg, where V sing and Using haVC 

compact support, Vreg cind Ureg o,re continuous, 

(Hi) w,,ef,(x) = 0(|x|~^i) for \x\ CO where £i > 0, 
Wreg(x) = 0(|x|~'^2) for |x| — > CO where £2 > 0, 

(iv) V and u are — A bounded with relative bound zero. 

We will also consider the Nelson model in another representation of the CCR, the same used in [T], 
obtaining a new Hamiltonian denoted by H^^^, described in the subsection 12.2.61 

We prove the following: 

Theorem 1.1. Assume the binding condition (B) and the hypothesis (I) on the potentials. Then has no 
ground state. 

Theorem 1.2. Assume the binding condition (B) and the hypothesis (I) on the potentials. Then -ff]^" admits 
a ground state. 

Moreover, if u = — and u{x) = [B) is clearly satisfied for A small enough as explained in Proposi- 
tion O 

A key point in the proofs is to guarantee that any candidate to be a ground state must be localized in the 
fermion variables. In the confined case this property follows easily from the compactness of {Kn + ''^)^^ , while 
in our case it requires some work. In particular, if > 1, one has to deal with photon localization which 
greatly complicates the proofs. This problem however, was already solved for the more involved standard 



(1.2) 
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model in [T3] and [Tl|, and the same proof does apply to our case. Here we only take care to write down 
explicitly that the estimates we obtain are uniform in the infrared cutoff parameter fj., which was, since the 
proof was split over two papers, somewhat left to the reader. 

Once the localization property is guaranteed, we can adapt techniques in [T2] to both existence and non- 
existence of the ground state. Once again the proofs in |T2] make large use of the compactness of {K^ + , 
which does not hold anymore, but we can circumvent this difficulty using fcrmion localization in a more 
direct way. 

In the one-particle case, the same problem has already been approached in jl6| by Hirokawa (non-existence 
in Fock representation) and by Sasaki in |21] (existence in another representation). 

The paper is organized as follows. In section [2] we introduce precisely the objects. In section [3] we make 
some useful remarks about the binding condition. Section [4] is devoted to exponential decay. Finally sections 
[5] and [6] are devoted respectively to the proofs of Theorem 11.11 and Theorem 11.21 

Acknowledgements: I'm grateful to Christian Gerard for introducing me to this problem and for many 
useful discussions. 

2 Definition and basic constructions 

2.1 Notation 

Wc shall use the following notation: 

Definition. Let / be a function in C5"(E'*), we denote by fu the operator of multiplication by /(^) in 
i2(Rrf,dx). 

Definition. Let A : R 9 i? i-^ An where Ar is a self-adjoint operator on a Hilbert space H and let B 
be a self-adjoint operator, S > 0. Wc say that Ar = 0{R")B if for i? >> 1 V{\Aii\^/'^) D V{B^/'^) and 
±Ar < C{R)B where C{R) = 0{R''). Wc say that Ar = 0{R") if Ar = 0(i?")]l. 

If A, B arc two operators on a Hilbert space, we set ad^iB := [A, B]. The precise meaning of [A, B] will 
be either specified or clear from the context. 

Definition. Let A be an operator on a Hilbert space Hi and B an operator on a Hilbert space H2 ^Tii- 
We introduce T : H2 (^Hi ^Hi ^ Hi ^ H2 ® Hi, T{'ip (g) u w) := u (g) -0 w, and we define twisted tensor 
product A®B as A®B := T-^{A ® B)T. 

Definition. Let H be a separable Hilbert space. We say T £ L'^{R'^, dx; B{H)) \iT -.W^ 3 x ^ T{x) S 
B{H) is a weakly measurable function such that 



2.2 Fock and coherent representations 

Here we describe some well known facts about bosonic Fock spaces and coherent representation of CCR (for 
more details we refer the reader, for instance, to [7] and [9]). 

2.2.1 Bosonic space and creation/annihilation operators 

Let (] be a Hilbert space. The bosonic Fock space over f) is the direct sum r(f)) := ^ where 0" f] 

denote the symmetric n-th tensor power of t). The number operator N is defined as N|(g)n f, = 71II. If /i e (), 




1/2 



< 00. 



3 



we define the creation operator a*{h) and the annihilation operator a{h) by setting, for u E f), 



a*{h)u :~ \/n + 1 u ®s h, 
a{h)u :~ \/n{h\ u. 

By a^{h) we mean both a*{h) and a{h). 

If the one-particle space is f) = i^(R'', dfc), then we can define the expressions a{k), a*{k) by: 

a{h) =: / a{k)h{k)dk 
a*{h) j a*{k)h{k)dk. 

We define the Segal field operators: 

^h) ■.= l=y{h)+a{h)). 

Let f2 G f) denote the vacuum vector. There exists a large class of representations of the CCR, called 
g-coherent representations, which are constructed by defining the new creation/annihilation operators a*g/ag 
acting on T{\)) as follows: let ()o be a dense subspace of f) and g e f)o (the dual of f)o); then we define: 

a*{h) ■.^a*{h) + ^<gji> 

;l (2.3) 

ag{h) :== a{h) + ^< g, h >, 

where < , > is the duality bracket. 

The following fact is well known (see for instance [51 Theorem 3.2]): 
Proposition 2.1. (i) ifgel), (WM can be rewritten as a^(/i) = e*(-'9)al*(ft,)e*('9^ 
(ii) if g ^ f), there exists no unitary operator U such that a^(/i) = U*a^{h)U . 
In other words a g-coherent representation is unitarily equivalent to the Fock representation if and only 

ifg^ ()• 

2.2.2 The operator dT 

If b is an operator on f), we define the operator dr(6) : r(f)) r(f)) by 



dr(6)|0.>(, := jltg) \®b®t® ■ ■ ■ (g) 1. 



If g e [), we define drg(6) := e**^ 'fMr(6)e*^'3^ and one can compute that 

dr,(&) = dr(6) + ,^(6g) + i(5,6g), (2.4) 

provided 6 > and g e D{b^/^). If \)o C D{b^^^) and b^^^ : t)o ^ l]o then by duality b^/^ : f);, ^ f^;,. If 

we can make sense of the expression in the right hand side of ()2.4p and define 

drg(6) in the same way. 
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2.2.3 The operators T and f 

Let i = 1, 2 be two Hilbert spaces. If g G -B(f)i, f)2)j we define the operator T{q) : r(fii) r(f)2) 

r(9)l(g);Mii := g «)•••«) g. 

Let ji,j2 e B(t)). We denote by j = (ji, ^2) the operator j : f) ^ f) © f) defined by jh :— {jih,j2h). We define 
the operator t{j) : r(t)) ^ r([} ® [)) as: 

m c/r(j), 

where U : r([) ® [)) ^ r([)) (E) r(t)) is the exponential map defined by 

Un^n®n Ua^{hi®h2) = ia^{hi)®l+l(E)a^{h2))U, hi€\). (2.5) 

Assume j is isometric i.e. Hji +^2^2 = Ij then f *(j)f (j) = I. Moreover, if ji = j* , i = 1,2, then using (|2.5p 
one can easily check the following: 

r{j)aHh) = (a«(jiM® ]l+]l®a*(j2/i))f(j), (2.6) 

dr(6) = f *(j)(dr(6) ® 1+ 1 ® dr(5))f (j) + idr(a46 + a^b), (2.7) 
where b is an operator on f). 

We define the operator N^'^* : r(()) ® r(f)) ^ r([)) «) r(()) by 

N"''* := N® 1+ 1® N. 



2.2.4 The Nelson Model 

The Hilbert space Ti is Ti. := K. ® r(f)) where K, is the A^-particle space /C := AjLi ^^(K'^, dxj) (the spin is 
neglected but the Fermi statistics is kept) and r(f)) is the Fock space with f) = L^(R^, dfc). To avoid confusion 
we denote the fermion position by x S R^, the boson position by x e M'', x :— iVfc and the position of the 
system of A^-fermions by X € K^^, A = (xi, . . . , xjv). 
The Hamiltonian Hn is given by 

HN = KN(E>l + l(EdT{oj) + \<i>{v). (2.8) 

where A is a coupling constant. The operator Kn is given by (jl.2[) and we assume hypothesis (I) given in 
the introduction. 

The operator co is the operator of multiplication by the function uj{k). For the sake of simplicity we consider 
only the physical case uj{k) = |fc|. 
The operator <i>(w) is given by 

$(w) = ^ y" v*{k)a{k) + v{k)a*{k)dk, 
where w : R'^ ^ B{IC) is defined by 

where p £ C^(B(0, A)) with p{—k) = p{k) or equivalently p real. 

It is well known that this Hamiltonian is well defined and bounded from below (see for example [12j). 

Notation: for simplicity we will drop the dependence on A^ everywhere, unless it needs to be specified. 
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2.2.5 Infrared cutoff Hamiltonians 

We will need infrared cutoff Hamiltonians Hi^^ for /i > 0. We define 

H^:^K(g)l+t®dT{uj) + X^{v^,), (2.9) 
where v^{k) := Xf^{k)v{k) with x^C^) x(-) and x G C'^CK^) such that x = 1 for |fc| > 2 and x = for 

|fc|<i,XM(-fc) = x(fc)- 

We will also need another cutoff Hamiltonian ■.H-^H defined by: 

H^:^ K®t+l®dr{u;^) + X<P{v^), (2.f0) 

where G C°°(R'^), u}^{k) := /i wi(^) and ijJi{k) = ijji(|fc|) is a smooth function, increasing with respect to 
|fc|, equal to w on {f < and equal tof — (5on{|A:| < 1 — 5}. 5 « 1. Note that lo^> jl where fi ~ {\ — 5)ii. 

2.2.6 Nelson model in a coherent representation 

We consider the Nelson model in a g-coherent representation, the same originally considered by Arai in [T]. 
Choosing g — ^'^^ J(j^l/i : a-nd using (|2.4p and (|2.3|) . the new Hamiltonian becomes 

= -^w" «) 1 + 1 «) dr(cj) + A<?!)(i;'™) (2.f f ) 

where 

= - c^g, = Kn + W{X), 

with 

T^(X) = -A2ivf]u;(xO + A2^u;(0), u;(x) = / e^'^^^-^jjl dk. 

Note that w(x) = 0(|x|~i) as |x| oo and that w(x) = j-p * p * -p-r where p is the inverse Fourier transform 
of p. 

' ^ n 11t7*n IIQO /I — — \ AT 

H'l^:, = K'n:, » 1 + 1 ® dr(c.) + A$(^;7) (2.f 2) 

with 



For p, > we use = —\N X/j (fc) and we obtain 



and is the same as before replacing w by with 



and by consequently. 

Remark 2.1. Because of Proposition [2Tll iJ^ and -ff^''" are unitarily equivalent while H and are not. 

3 Binding condition 

Let Ajv be a family of self-adjoint operators on Ti, depending on G N and A'j^ the corresponding family of 
their translation invariant part. Assume that all the operators are bounded from below. For A a self-adjoint 
operator let us denote E{A) :~ inf (t(A). Then we can define the ionization threshold energy of ^at as 

t{An):^ inf {E{A%,) + EiAN^N')}- 

0<N'<N 
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The binding condition then is 

(B) E{Am) < t{An). 

From a physical point of view this is a minimal condition to require on the external potential to be binding. 
From a mathematical point of view another energy can be considered. This is the energy below which 
exponential decay can be proved in a quite general way, as it was done in |14| , so we can call it localization 
energy S(^). Let us define 

DR:^{^Pen\ ipiX) = if \X\ < R}. 

We define 

EflXA):= inf i^P,A^P), (3.13) 

and 

S(^) := lim Er{A). (3.14) 

R — ^oo 

In [13] it is also proved that for the standard model of non-relativistic QED the two energies are the same; 
this is also true in our case as we will explain in subsection 14.21 



A key observation in the proof of exponential decay is that both and have the same ionization 
and localization energy. This is stated in the following Lemma. 

Lemma 3.1. For every ^ > 0, S(i?^j) = S(_ff^) and t{H^) = T{Hf,). 

Proof. Set ()^ := L'^{{\k\ < ^}), C^. := ®0f]^, Hmt := /C ® r([)^). Since f] = f)^ f)^, we can identify 
Ti. and Hint r(f)^) by exponential map. One can observe mia^H^) = i-nf a{H ^l-^^^^^c^), mia{Hi^) = 
inf o-(i?,jHi„t«.c^). Since i?^|Hi„t(8.C^ = Hf^\ni^t(SC^„ the lemma follows. □ 



Thanks to the above Lemma, we can introduce the following notation 



^r{H) /orM = 0, [ t{H) for^i = 0, 



S„ := lim/ 



Remark 3.1. Since and -ff™" converge in the norm resolvent sense to H and respectively (see 

[121 Lemma A. 2]), and iJ^; and HJ^'^ are unitarily equivalent by Proposition [2TlJ Hence E{Hi^i) = E{H^) = 
i;(7j;;™) and E{H) = £;(i/'™). 

Thanks to the above remark we can give the following definition. 
Definition. We define 

E^ EiH^) = EiH,) = £;(if-"), 
E := E{H) = E{H'"'). 

It is easy to prove that if the binding condition is satisfied when neglecting the field, then it still holds 
for A small enough. 

Proposition 3.1. Assume E{Kn) < t{Kn)- Then E{Hn) < t{Hn) for A small enough. 

Proof. Set Hq := K^q 11+ dr([j) and H\ ;= H . Since <&(«) is i/g-bounded as operator (see [THl Lemma 
2]) then clearly Hx Hq as A ^ in the norm resolvent sense, which implies E{Hx) E{Hq). Now 
E{H„) = E{Kn) and t{H„) = t{Km). □ 

Remark 3.2. If ti(x) = --^^ and w(x) it is wch known that E{Kn) < E{Kn^i) if < Z + 1 ( see 

[22]). 
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It is also possible to prove that at least one particle must be bounded. This proves (B) for TV = 1. 

Proposition 3.2 (binding of at least one particle). Assume (I) holds and that the operator — iA + u admits 

an eigenvalue of energy — cq < 0. Then E{Hi) < t{Hi). 

If in addition ?;(x) < for all x, then E{Hpf) < E{H^) — eg. 

Proof. The proof is the same as in jTSl Theorem 3.1], and is therefore omitted. □ 

We remark that binding without mass implies binding with mass. 
Proposition 3.3. Assume E < tq. Then E^ < for fi small enough. 

Proof. As n ^ 0, converges in the norm resolvent sense to H (see [12l Lemma A. 2]). Hence as /i ^ 0, 
E^ converges to E and converges to tq. 



4 Exponential decay 
4.1 Localization Lemma 

Here we state a key Lemma about boson localization needed in the next subsection to prove exponential 
decay. 

Remark 4.1. The next proposition is true for but not for H^. This is one of the reason why the infrared 
regularization i/^ was introduced. 



Lemma 4.1. Let Hn be the Hamiltonian defined in i2.8\) . Then 



where f{fi) 



H^.>T^- fip)o (i?°) (H^ + C) on Dr, 
and Dii-~ {ij <an\ i){X) = if \X\ < R}. 



Proof. The proof is the same (simplified) as in |T31 Corollary A. 2] and [TH Theorem 9]. Only the dependence 
on the error on the infrared parameter is different, and the estimate needed in our case is given by the next 
Lemma. Notice in [T3j this dependence was not explicitly considered and it is not uniform in fi as stated. 
This gap left in the proof was filled in [14j . Since their proof is long and the reader could get lost, we provide 
a sketch of the proof in our case in Appendix A. □ 



Lemma 4.2. Fix AT = (xi, . . . ,X2) G . Let j G C°°(M'^) be a function such that 
fi) < J < 1, 

(a) supp jfl e {x\\x - Xj\ > R} (where jR{x) := 
Then \\jR{x)iif^{x - Xj)||^2(-R3,d,j,) = 0{R^^)0{ln^/^ fi) uniformly in X. 

Proof. Here v^{x — xj) is !FVfi{k,yLj), where T is the Fourier transform with respect to the variable k. 
In other words we use the unitary equivalence of the space f) and L^(R'^,da;) =: \)x given by the Fourier 
transform. Since j <l and suppjfl, C {a; | |a: — Xj| > i?}, there exists a function F e C^(R'^), with F(0) = 1 
such that 

\\jR{x)v^,{x-i,,)\\^^ < \\il-Fi^))v^ix) 



{1-F{^))v,{k,0) 



since Vfj,{x) = JFi)^(fc,0). By standard pseudodifferential calculus 



\a-Fi^)Kik,0)h < ^\\^Mk,0)\\, ^ ^0(lni/V) 



as one can easily compute. 
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4.2 Exponential Decay 

In this subsection we prove uniform exponential decay for states of energy fower than the ionization energy 
for all > 0. The proof consist in two parts. First we prove localization below S^; this can be done in a 
more general framework (Prop. [JT])- This argument and its proof are the same as in |14j . we only take care 
of checking that the estimates are uniform in the infrared parameter fj,, which is left to the reader in [Tl]. 
Secondly, we prove = for all /i > 0. This is also as in [TJ. Remark that in [14] the two different infrared 
regularizations are used. Collecting the results, one obtain exponential decay for our model (Corollarv l4.2p . 

Proposition 4.1 (uniform exponential decay). Let H ;= L'^{X) (g) Hi, where Hi is an auxiliary Hilhert 
space. Let H{fi) for < j^i < 1 be a family of self-adjoint operators on H. Assume there exists D dense in 
Hi such that C^{X) ® D is a core for H{p,). We assume also 

(i) the IMS localization formula is satisfied i.e. 

2 2 

Hi^i) = ^jii^(/^)ji - J2 I^J'^.^I'' ^ffi{x)+ji{x) = 1, 

1 = 1 4=1 

(ii) ifgeC°°{X,R) then e9 H{^i)e-9 + H{^x)ea ^ 2H - 2\V g^^ , 
as quadratic forms on C'^{X) ® D. 

Let us denote S_R(/-t) := T,ji{H{p,)), S(/i) := S(i7(/i)) and E{p,) := inf cr(iJ(/i)). We suppose 

(iii) ^ E{0), 

(iv) Yiji{fi) S/j(0) uniformly in R, 
as ji ^ 0. 

Fix a function g e C°°(X,M) such that |Vgp < 1. 

// S(0) — E{0) = 6o > then for all f G C5^(R) with supp / c] — oo, 11(0) [ there exists fiQ and (3o (depending 
only on f) such that for all n < fj,o, f3 < /Sq 

\\e^^ f{H{fi))\\ < C uniformly in ji. 

Proof. Since supp / c] — oo, S(0)[ we can assume that supp / c] — oo, I](0) — a], a > 0. Since E{ijl) E{0) 
and S(/x) — > S(0), there exists fio such that for all < fio 

|S(/i)~S(0)|<|, (4.15) 

|i?(M)-i?(0)|<|, \^if,)-E{f^)\>So-^. 

By (|4.15p supp / c] - oo, S(^)[ for aU yu < fiQ. 
Let us denote 

Hr,^ := H{^l) + i^nip) - E{ii))xR 
where x is a smoothed characteristic function of the unit ball. Take ji, j2 S C°°{X) such that jl + j| = 1, 
ji — 1 on B(0, \) and ji = outside B(0, 1). By the IMS locahzation formula i?_R,^ = J2i=i ji,R-^R, tJ-ji,R ~ 
SLi l^i^flP- By the definition of ^ and since x_r = 1 on suppji^ij 

ji,RHR,f,jiM = jiM.{H{fi) + Si?(Ai) - £'(/i))ji,fl > T.R{^)jl ,^, 

Hence 

2 

Hr,,, > ^R{fi){fi+jl) - \^Kr\' > Sfl(/^) - CR-^, 

i=l 
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uniformly in /.j. For R > Rq and ^J. < fiQ 

If A G supp /, then A < S(0) - a = E{0) + So - a. We have S](0) - f > £^(0) + 5o - f . Hence for R > Rq, 
f{HR,f,) = for /z < /xq. 

We want now to show (for any fixed R> Rq) 

e^sfiHifi)) = e^^ifiHifi)) - f{HR,^)) is bounded uniformly in ^i. 
By Theorem IB . II we can write 

e^^ = (aO) - .f{HR.,)) = 

Since supp / is compact, it suffices to estimate the integrand: 

\\eP9{z - ifH,^)-ie^9e"^'9(Efl,(/i) - E{ti))xR{z - H{p))-^\\ < 
< ys{z - HR^^r^e-f'sW y^xRW^ - II - • 

We have He^^^XflL ^ ^^ere gR sup{|^„|<^} g{X), ^Rifi) - E{fi) < i:{p) - E{fi), \\{z - H)-^\\ < 
jlmzj"^. It remains to estimate ||e'^^(z — HR fj)^^e^^3\\. First we notice that 

e^^iz - HR,,r'e-^a ^ _ e^^HR^^e'^s)-' 

and that 

Re{eP3Hii^^e~P3 - z) = Hr,^ - P^\yg\^ - Rez 

> S](m) - f - - (i?(0) + 5o - a) 

> S(0) - f - - {E{Q) + do-a)>f-p\ 

This implies for < ^ that ||e'^^(z — -ff^, i?)~^e~'^^|| < c^^pi uniformly in /i. 
Collecting all the estimates we obtain 

l|e^'/(H(rt)||. '"'°'-f_°';^""- . 

□ 

Lemma 4.3. (i) < oo if and only if T,q < oo and in this case there exists a constant C such that 
jSij^^ — o| < C^t}/'^ uniformly in R, 

(ii) there exists a constant C such that ^ tq\ < Cji^^"^. 

Proof. The proof is the same as in [T31 Proposition 5] just noting that the estimates concerning (i) are 
uniform in R. □ 

Proposition 4.2. For every /i > 0, = t^. 

Proof. As in [HI Theorem 6] , using Lemma 14.11 □ 
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Corollary 4.1. Assume (B) and (I). Let 

H{^i) := ■ 



or Hf_i for n> 0, 
H for ^ = 0. 



Then then for all f G C5^(R) with supp/ c] — oo,ro[ there exists a fio and /3o (depending only on f) such 
that for all fJ. < fJ^o , (3 < (3o 



< C uniformly in fi. 



Proof. We apply Proposition 14.11 with Hi = r(t))- Hypothesis (i) and (ii) are clearly verified by direct 
computation, hypothesis (iii)is true since both and converges in the norm resolvent sense to H (see 
[T^ Lemma A. 2]) and (iv) follows from Lemma [4.31 By (B) T,o — E = So > 0- Choose := i^f(^x) ' then 
|V(7e| < 1 uniformly in e and sup||jf ^ R uniformly in e. Hence by Proposition 14. H there exists a //q 

such that for all n < Ho, P < /3o, ||e''''^'/(-ff(M))|| < C uniformly in /i. □ 

5 Proof of theorem 11.11 

We can now prove the non-existence of the ground state in the Pock representation. We use the following 
Lemma from [9j Lemma 2.6]. 

Lemma 5.1. Let ip G Ti. be such that Jj^., \\a{k)ip + h{k)'ip\\'^dk < ao where k — > h{k) £ C is a mesurable 
function and \h(k)\'^dk = oo. 
Then tp = 0. 

Proof of Theorem II. li Suppose there exists ip such that Hip = Eip. We want to prove tp = 0. By (B), 
there exists a function / e C5^(M) such that supp / c] — oo,to[ and / = 1 on an interval [E, E + 6], S > 0. 
By Corollary mH \X\f{H) is bounded, so \X\ = \X\f{H)iP belongs to H. 

By the puUthrough formula (as an identity on L^j^^(IR'^\{0}, dk;H)) we have 

-a{k)i' = {H-E + c.(fc))-i e"'''^' 

Writing e^'*^''' as e"'*^'^' = 1 + r(xi, fc) with |r(A;,x)| < |fc||x|, the former expression becomes: 

—a{k)ip = m{k)ip + h{k)ip 

where 

m{k):^Y^{H-E + Lo{k))-^r{k,yi,)-(^^, h{k) := N ^^''^ 



uj{k) 2 ' ' ' uj[k) 2 



1=1 

-2/Tn)3 



Since \X\tp G clearly |xj|-i/' e H and \\r{k,yi^)ip\\ < \k\ |||x,|V'||, which implies m{k) £ L^{W,dk). So we 
have J \\m{k)\\'^dk = J \\{a{k) + h{k))ip\\^dk < oo. Since h{k) ^ L^(R^,dfc), then ip must be by Lemma 
Ol □ 



6 Proof of theorem 11.21 

6.1 Existence of ground state in the massive case 

We adapt the proof in [T^]. We want to prove the existence of a ground state for H™^. Because of Proposition 
12.11 H™^ is unitarily equivalent to i/^; by Lemma [Q] i/^ admits a ground state if and only if If^j does. We 
prove the existence of a ground state for H^ by showing that there is a spectral gap. 
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Lemma 6.1. admits a ground state if and only if H^^ admits a ground state. 
Proof. See [H Lemma 3.2 ] . 



□ 



Lemma 6.2. Let x G Co°(l^) function such that supp x c] — oo, r^[. Let j S C^(]R'^) be such that j = 1 
on _B(0, 1) and j ~ outside i?(0, 2). Assume (I) and (B).Then the operator T{j^)x{H^) is compact. 

Proof. Let us denote C := T{j]^)x{Hfi). It sufRces to prove that C*C is compact. We have 

C*C^XpiH^njj,)xpiH^) = 
= xp{H^){-^l'^ + \X\ + 1)(-Ai/' + \X\ + l)-ix 

X r(j4) (dPK) + i)-HdrK) + i)x{H^). 

The operator x{Ht,){-l\]/'^) is bounded since D(|if^|i/2)=D(|Fop/2) where Hq = -^A^ ® ]lr(i,) + 
lye (8) dr(a'). Since suppx C] — oo,r^[, by CoroUarv 14.11 also x{H^i)\X\ is bounded. Hence the operator 

:= x(i?^)(-Ay^ + \X\ + 1) is bounded on /C ® r([)). 
Moreover A'l := (-A^^ + \X\ + 1)-^ is compact on /C, := T{j%){AV{uj^) + l)-i is compact on r(f)), 
^2 := (dr(tj^) + l)x{H^,) is bounded on /C ® T{\)). 

This impUes that operator C*C = Bi{Ki (E) ^'2)^2 is compact on /C r(f)). □ 

Lemma 6.3. Let j := {jo,joo) where jo ~ \ on B{0, 1), jo — outside -6(0, 2) and j 00 such that Jq + j'^ ~ 1. 
Let H°''' := ff^ (g> ]lr(f,) + Ik; ® dr(tj^). T/ien 

Proof. By Theorem [BT] 

xiH'''')r{jR) ~ t{jR)H^ = 

= 17 /c i(^)f - H^r' -{z- H^^')-^tUn)dz A 

Since suppx is compact it suffices to prove that H'^^^T{jii)—r{jfj)Hf^ = 0(i?^^)(N™' + l), which is equivalent 
to prove that Hf, - f *(jfl)i7<=''*f (jfl) = C'(i?-i)(N + 1). 
We have 

- t*ijn)H-^'r{jR) = dr(c^^) - f*(j^)dr-'(^M)f (ji?) 

+A - t*{jnMv^) <g> ]lr(^)f (jfl)) . 

Now using (|2.6p 

dTK) - f *(j)dr-*(^M)f (j) = dr(ad2^^^^ + ad^^^^^) 
< \\adl^,u;^ + ad]^^u;,UN + 1) < 0(i?-i)(N + 1) 

and using (j2.7p 

- f*(ji?)<i>(i^^) ® ]lr(wf (jfl) = 

= f*0-i^) {(f>{{jo,R- l)fp) «) ]lr(h) + ]lr(f,)® '/>(joo,flt'M))) f (ji?) 
< (llCki?. - IKII^ + \\.loo,RV^\U){N + 1) < 0(i?-i)(N + 1) 
because of Lemma 14.21 □ 
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Theorem 6.1 (Existence of spectral gap for H^). Let he the Hamiltonian defined in \2.1(A Assume (I) 
and (B). Then (7css{Hp,) C [G^, +oo[, where = min{E ^ + /i, t^;} with fl — fi{l ^ S), S << 1. Consequently 
Hp,, Hf^ and Hj^"^ admit a ground state. 

Proof. As in [T^ Theorem 4.1], using Lemma 7.2 (instead of [TH Lemma 4.2]). □ 



6.2 Existence of a ground state in the massless case 

Let tpp be a ground state for i/"". We will prove Theorem 1 1.21 by showing that H™^ admits a ground state 
as limit of V'/i for — > 0. 

As mentioned in the introduction, the proofs in the confined case make use of the compactness of the 
operator (Kj^^ + which does not hold anymore. Instead, we will use the localization in the fermion 
variables to control directly the behaviour as fc — > of ||w''°"(fc)V'/j|!-H- The facts we need are collected in the 
following Lemma. 



Vi.Vy\-i|| „v^ (e-'"--'-l)(X)-V(fc) „ 
{k){X) \\b{^)^\\2^ , ,/,Ni/2 \\B(K)-\k\'- (6.16) 



Lemma 6.4. We have 

N 

Assume (B) and (/). Then for all N CzN, and /i small enough 

{'iljf,,{X)^i'p) < C, uniformly m fi> 0. (6.17) 

Moreover 

^ j^p^dk < C uniformly in for a < i (6.18) 

and 

f 2^ii„-^^ii^dfc = I ^frl " ^ \ (6.19) 

J u;(/c)"" ^^"^ \ 0{p^ ") i/ a<4, ^ ^ 

where Xp. is the infrared cutoff function. 

Proof. (|6.16p is obtained by direct computation, (|6.17p is a consequence of Corollary 14.11 Then (|6.18p and 
((6l9l) follow easily by writing ?;™'^(fc)V'^ = ^'■™(fc)(X)-i(X)'0p and using ((6T6)) and ((OT)) . □ 

We need some uniform bomids on ip^. 
Lemma 6.5. Assume (I) and (B). Then for fi .small enough 

(V'^, Nipp) < C uniformly in fi > 0. 

Proof. By the puUthrough formula 

i4'f.,N4,p) < J ||a(fc)^J|2^dfc = / ||(i/-" -Ep+ coik))-'vl^-^Ppr^dk 

uniformly in /i because of (j6.18l) . □ 
Lemma 6.6. Let Hq := K''"^ (g) t + 1 (g) dT {oj) . Then 

("0^, HqiI'p) < C uniformly in fi > 0. 
Proof. As quadratic form HJf^ is equivalent to Hq uniformly in /i. □ 
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Lemma 6.7. Let E := inf cr(i?^™), := inf cr(i?™"). Assume (I) and (B). Then 

E-E^ = Oifi). 

Proof. Let < /./ < /.j. We have 

Notice that \W^'{X) - Wf,{X)\ < C{ji' - ^t) uniformly in X, hence 

(V'A.,(w^M'-w^M)V',.)<c|/.'-/i|. 

Writing ^/j^ = (X)^^ {X)ipfj^, using Schwarz inequality and ||a(/i)-!/'|| < (N + 1)?/')"'"^^, we obtain 

(V-,., - vl^n^,.) <C[J \\{vlT{k) - vl^'^imxrX^^^dky^^ (V^, (N + 

The last two terms of the right hand side product are bounded uniformly in ^ by Lemmas 16.51 and (|6.17p . 
Hence by (|6.16p 

Estimating in the same way E'^i — i?^/, we obtain \E^ — E'^/ 1 < C|/i' — Since E = lim^^^o -E'^i the lemma 
follows by letting fi' ^ 0. □ 

Proposition 6.1. a{k)ip^, - {E - H''"^ ~ uj{k))-'^v''"^{k)ipf, when ^ ^ in L'^{R^ ,dk;n). 
Proof. By the puUthrough formula 

a(fc)V'M - (E- H'"' - uj{k))-^v'"'{k)ijf, 
= {E^ - if-" - ^(fc))-i«-"(fc)V^^ -{E- i/-" - c.(fc))-iz;-"(fc)^^ 
= -(1 - X^.){k){E - i/'-™ - c^(fc))-iv-"(fc)V'^ 

+(E - if-" - cc;(fc))-i(VK(x) - - - cj(fc))-iz;;r(fc)V'M 

+ - if-" - tj(fc))-i($(t;-") - - if-" - cj(fc))-iw-"(fc)V'p 

=: i?^,i(fc) + i?^^2(fc) + R^.Ak) + Rt.A{k). 

Note that because of the ultraviolet cutoff, w— "(fc) is compactly supported in k. Therefore the behaviour 
of the terms for large k is not relevant. First we estimate R^^k) : 

\\R^Ak)\\n < ]lMfc)<,4W^II«''°"WV';.||K, 

which by implies i?,,,i € o(At) in ^^(kS^ j^;,. 

Now we estimate R^.2{k). By Lemma [6.71 E — ii'^ = 0{ii), then 

hence by (|6.19p P^., 2|li2(R3^dfc;W) = ^(/i In^/V)- 

The same bound holds for i?p,3, noticing that — < 0(/i) uniformly in X. 

Finally we estimate R^^. Let x G C5"(M) be a function such that suppx c] — oo, S(ii)[ . By Corollary 
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14.11 and Proposition 12. II y( H'^°'^)(X) is a bounded operator. Since E ^ supp {1 — x), the following estimate 
holds for all w S 7i, for A>0: 

\\{E - H - X)-'^u\\ < \\{E - H - \)-^xiH){X){X)-^u\\ 

+ \\iE-H-X)-\l-x{H))u\\ <q\\{X)-^u\\+C\\u\\. 

Hence 

Since \\^iv)iHo + C)-^/^\\ < (/ ||«(fc)||2 (-^ + l) dfc)'^' and 
\\{Ho + C)-^'^{E^ -Hf,- uj{k))-^\\ < ^ one obtains 



□ 



By writing — t>J^°" = ?j''°"(l — Xm) ^^"^ (|6-16p . one can easily check that: 

(/ m)-\v- - -r)(fc)ll|(;c) + l) dfc)'^' = 0(/.^/^) 

and 

UK- - (^-1^ + 1) dfe^ = 0(^1/^). 

Then by (109|) pA':4|li2(R3^dfc;-H) = o{p). 
Lemma 6.8. Let us denote T{k) := {E - iJ"'™ - Then 

T{k) belongs to L^{R^ ,dk; B{n)), (6.20) 

and 

||r(fc)-r(fc + ,s)|l^.(«3,dfe;B(W))^0 as s^O. (6.21) 

Remark 6.1. Note that in general (|6.2ip does not follow from (|6.20p since B{TL) is not a separable Banach 
space, but is verified for the specific element T{k). 

Proof. Set Sj := L^{R^ ,dk; B{n)). We have ||T(fc)||^(„) < zj^\\^i^i'^)(^)~^\\BiK) '^hich is integrable by 
([6l6l) . This prove (jOOl) . 

For < Ci < C2, let us denote K2 ■= [0, Ci[, K2 [Ci, and G := [C2, 00 [; then we can write 
1 = tK^{\k\) + tKA\k\) + ]lG(|fc|), so Tik) = ]lA'i(|A:|)r(A:) + lK,{\k\)T{k) + tGi\k\)T{k). So we can write 

T{k + s) - T{k) = Ia'i (|fc + s\)T{k + s) - ]lA'i(|fc|)T(fc) 

+ ]lA-.(|fc + s|)T(fc + s) - ]lA.(|fc|)T(fc) + Icdfe + s|)r(fc + s) - ]lG(|fc|)T(fc). 

We have 

||]lA,(|fc + 5|)T(fc + ,s)-]lA,(|fc|)T(fc)||,, <2||]lA,(|A;|)r(A:)||^ 
Pcdfc + s\)T{k + s)- tG{\kmk)\\^ < 2 ||]lG(|fc|)r(A;)||^ , 

but on the other hand ||]1ai (|fcDT(fc)||^ as Ci and || ]lG(|fc|)T(fc)||^ ^ as C2 ^ 00, since T{k) e ^. 
Let us now fix Ci and C2. We can write 

tK,{\k + s\)T{k + s) - tKA\k\)T{k) = (11a. + s\) - Ia, (|fc|))T(fc + s) 

-]lA,(|fc|)(T(fc + s)- T{k)) =: Ti + T2. 
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By dominated convergence llTill^ ^ as s 0. Now 

\\T2\\l = J ]iK.(|fc|) ||r(fc + s)- r(fc)|i^(„) dfc < /^f/^ \\T{k + .s)- r(fc)||^(«) dk 

for s < Ci/4. Next we have 

T{k + s) - T{k) = {E - H'"' - w(fc))-i(w™(fc + s) - w™(fc))(X)"i 

+ (£; - i/''™ - uj{k))-^E - i/''™ - + s))-iw'-™(fc + s)(w(fc + s) - uj{k)){X)-\ 

so 

|lT(fc + ,s)-T(fc)|l3(„) < -i^||(«-n(fc + s)-^;-"(fc))(X>-il|e(^) 

+ ^) + ^1 - 1^1) 

uniformly for Ci/2 < |fc| < 2C2 and |s| < Ci/4 where C(Ci, C2) is a constant which depends on Ci and C-z- 
Since, as one can easily verify, for arbitrary < Di < D2 



we can conclude 



lim / \\{v""^{k)-v""^ik + s)){X)-^\\ dk = 0, 

-Di<|fc|<-D2 



2C2 

2 



hm / ||T(fc + .s)-r(fc)||^3(„)dfc = 0. 
By fixing first Ci << 1 and C2 >> 1, letting then s ^ 0, the proof is concluded. □ 
We recall the following: 

Proposition 6.2. Let f G L'^ {R'^ , dk; B) where B is a Banach space and let us denote Us the group of 
isometrics given by Usf{k) := f{k + s). Suppose \\f — Usf\\ ^0 as s ^ 0. Then, for any F £ C^{M.'^) 
such that F{0) = 1, 



as i? — ^ 00 



^here F{^)f = {2it)-'' ^ F{s)U_R-iJds. 

Lemma 6.9. Let F e C;f (R) he a cutoff function with < F < 1, F{s) = 1 for \s\ < 1/2, F{s) = for 
\s\ > 1. Let Fr{x) = F(J|L). Then 

hm (Vv,dr(l-F^)V'^)=0. 



Proof. Set Sj := L'^{m^, dk; B{H)). As in m Lemma 4.5], we obtain 

(^^,dr(l - Fn)^b,,) < ||r(fc)||,,||(l - F(^))T(fc)||^||(X)V^||^ + o(/i"). 
By Lemma ||r(fc) - T{k + s)\\^^ ^ as s ^ 0, hence by Proposition!^ 

m-F{^-^))T{k)heoiR'). 

So we can conclude that (V'^, dr(l - FRj^p^f) = o(i?°) + o{ji^). □ 

Proof of Theorem ll.2t as in [T^l Theorem 1], by replacing the compact operator x(-^ < ^)x{Ho < ^)^{Fr) 
(where x is a smoothed characteristic function of the unit ball) by the compact operator x(A^ < X)x{Hq < 
A)r(FR)xp(|^|), and using in addition that, as a consequence of Corollarv l4.1[ for any 6 > we can choose 
P large enough such that ||(1 — xp)(|-'^|)^/^|| < uniformly in /i for /i < /ig- □ 
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A Appendix A 



In this section we give a sketch of the proof of Lemma |4. II The idea behind the proof is to compare with 
an auxiliary Hamiltonian where the electrons are localized in some regions, and the photons are localized 
near the electrons. 

We recall the following fact about existence of some partitions of unity. 
Proposition A.l. There exists a family of functions Fa : M'^^ R, for a C {1, N} such that 

(ii) for all suppFa c{ X £ R"^^ | \X\ > 1, miuiga^jeadxi \xj\) > C} where C is some positive 

constant, 

(Hi) if a~ then supp Fa is compact, 

(iv) let jja he the cardinality of the set a; the functions ^^a=p ^'"^ symmetric for all < p < N . 
Proof, see for example [S]. □ 

With this notation the subset a will represent the particles far from the origin. 

Each function of the family will be used to localize fermions. Corresponding to each fermion localization we 
now define boson localization. For a given a, consider the function 

a p(. X) - I a- 1 - X(^) a + 

5o,a,_p(a;,X) 1 - goo, a(a;, X) 

where x is a smoothed characteristic function of the unit ball. 
Now let us set for e = 0, oo : 

Je,a,P := Je,a(a;,A) — 



so that j2^p+jl^„,p = 1. 
Remark A.l. Note that for a 7^ 

supp joo,a,p C {x \ \x — Xj \ > P, for all j € a} 
supp jo, a, p C {x & \ \x ~ Xj \ < P, for some j G a} 

For each a we define 

Ka ■■= K {Y^^^aMa «^(^» " + T.^ea ^^l))- (A.22) 

Now we define the cluster Hamiltonian Ha.^ by 

^a,M :=i^a® ]l+]l<»dr(a>^)+A$(t;^). (A.23) 
The next lemma follow easily from hypothesis (I). 

Lemma A.l. Let be the Hamiltonian defined in i2.8\) . Assume (I). Then Fa,R{Hfj, — Ha. p.) = 0{R^^) 
for all a, where e := inf{ei, 62} ■ 
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In order to deal with photon locahzation, we need to introduce the extended cluster Hamiltonians Ha^jj^- 
We introduce the space Ti.°^^ JC® r(()) ® r([}), on which we define the following operators: 

dr'='^'(tj^) Ik; ® dT{uj^) ® ]lr(f,) + Ik; ® llr(i,) ® dr(tj,J, 



where ii^j 
We define 



:= v^{xj,k). 



h: 



a, /I 



rrext 



The extended cluster Hamiltonians arc built ad hoc in order to have, up to identifications, 

Hn', p (8) la «) ]lr(f,) + \c (g) ]lr([,) (g) Hn-n', ij. 
where jja = Af - iV'. This implies inf = i;jv', ^ + E%_j^,^ ^. 

The following Lemma is well known. 

Lemma A. 2. Let if^ be the Hamiltonian defined in 112. 10\) . Then there exist some constants C, D e 
such that 



N < 



Lemma A. 3. Let Ha^^ the cluster Hamiltonian defined in IIA.23\) . Letja,p ■= (joo, a, p, jo, o, p)- Then 

Fa,R{K,- 'C*{]a,p)HT,n^a,p)) = 0{^-^)[H, + C) 



when R ~ "fP with 7 >> 1, 
(ii) if a = 0, the same holds when P = with 7 >> 1. 
Proof, (i) We have to evaluate 



Fa,R [Ha,^- r*(ja,p)i?°f*r(ja,p)j = ^^a,P (^'a ® ]lr(^) + T* {ja^ p){Ka ® ]lr(„) «> ]lr(f,) )rOa, p)) 
+ Fa.^n (drK) - f *Oa,p)dr-*K)f (ja,p)) + XFaM (Hv^) - f*(ja,p)1>rK)f (ja,p)) 



Note that ja,p is a function of 6ot/i X and a;. 
Consider first Ii. Using ()2.7p we have: 



^1 =^a,p (ELdr(a4,„,,iA, 



< Etr 



''io, a, P 2' 



(N+l)<0((/iP)-')(i?^ + C) 



by Lemma rA.2l 

Consider now l2- Using (|2.7p . we obtain 



/2 < 



ad 



ujn + ad,- 



B(/C«)fi) 



(N + 1)<0((mP) 1{H^. + C) 
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by Lemma rA.21 

Consider now I3. Using (|2.6[) . it is easy to compute 

-^3 = >^Fa,R (t*{ja,p) (Ej^a*(0'oo,a,P - l)^^^) ® Mb) + Mh)®'^(jo, a, pV^,j) 
+ Ejea Hjoo,a,pV^,j) (E) trW + Mh) ^((jO,a,P - f (ja, p)) • 

A term of the form j Vp,j (where J wiU be jo. a. p , joo, a, p — 1, etc) can be seen in two ways: as an element of 
[) L^(R^,dfc), in this case J is a pseudodifferential operator on [), in other words J w^j- = ] {Dk)v^{xj, fc); 
or as an element of t)x := i^(]R^,dx), in this case we mean j v^j = j {x)v^(x — Xj) with v^{x — Xj) := 
J^Vfj,(xj,k) where J- is the Fourier transform with respect to the variable k. Anyway, by unitary of J-, 
llJu^jllh = IIj ■'^M.j lift (s^^ the proof of Lemma I4.2p . so wc can write lUtipjII without ambiguity. 
Let's consider the terms of the form A := Fa^pT* {ja, p)a^ {j Vfj..j) <E) ]lr(i))r(ja. p) (here A is neglected). For 

< LppP„,. Wi-Hjv,.) ® lr(w)(N-' + 1)-V2f (,.,p)(N+ l)V2^(X)||J(^^^^^^^dX 
</suppF„,« \\jv,Jl{u{X),iN+l)uiX))ri^)dX 
since ||a«(/i)uf < \\h\\l{u, (N+ l)u). 

The same estimate holds for the terms of the form A' := Fa^fl;f *(ja_ p)Ilr(f,) ® a" (J Wj) f (ja. p)- 
Hence we have to estimate the norms: 

||joo,a,P^'^.il| , II (jo, a, P - l)tV,jll foi" j ^ foi' ^ ^ SUpp Fa.R 

II (joo, a, P - l)w/i,j II , II jo, a, pVf^,j || for all j ^ a, for X G supp Fa,R 

Since supp joo,a,p C {a; G I |a; — Xj | > P, for all j e a}, then by Lemma [42] 1 7'^ p^/' j 

II = 0(lni/V -P"') 

uniformly in Xj. The same holds for ||(jo, a,p — 1)'^a',jII- 

Now supp jo, a, p C {a; g R"^ I |a; — Xi| < P, for some i G a} but on the other hand X e supp Pa,p implies 
|xj — Xi I > R. Choosing R = 7P with 7 >> 1, we obtain, for j ^ a and X G supp Pa,fi j k — x^ | > (7 — 1)P, 
supp jo,o,p C {a; G I |a;-Xj| < (7-l)P}. Hence by Lemmal4?2]|| in ^ pty _-H^ = 0(ln/x^/2 P"^) uniformly 
in Xj; the same holds for ||(joo,a,p — 1)'^Vj II- Collecting the estimates for /i, I2, I3 we obtain the lemma. 

(ii) We proceed in the same way. Since a = 0, we only have to evaluate norms of the type || jo. a, p^^^.j || ■ 
In this case joc. a. p is compactly supported and supp jo, a, p C {i G M'^ | |a;| > P}, but also Pa,fl is compactly 
supported i.e. \X\ < R. Hence, in this case we have to choose R << P, for example P = 7P with 7 >> 1 
so that |a; -Xj l > ^^^^P, hence by Lemma|12] || jo, a, pw^j II = ©(In^^V -P"^)- ° 

Corollary [Lemma 14. 1| Let he the Hamiltonian defined in \2.^) . Then 

H^>T^- f{fi)o ( PO) {H^ + C) on Dr, 
where /(/i) := ^-^^^ and Dr -.^ {tl; n\ tpiX) = Q if \X\ < R}. 

Proof. Easy using the previous Lemma and IMS localization formula. See [T3]. □ 
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B Appendix B 



Theorem B.l (functional calculus formula). Let f G C^(M) and H be a self-adjoint operator on a Hilhert 
space, then there exists a function f G C^{'C) such that /|r = /, |^| < c„|Iniz|" for all n E N and 

f{H) = ^ f y-{z){z~H)-Uzhdz. 

ITT Jc OZ 

The function / is called an almost- analytic extension of / . 
Proof. See for instance [15]. □ 
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